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ABSTRACT

Spectral analysis plays an important role in the study or investigation KEYWORDS

of signal representation. This paper aimed at investigating the signal finite group; representation; Fourier
representation as decimation from algebraic structure using spectral analysis; spectral analysis
decomposition of modules. The aim is achieved by considering

mapping of linear transformations of a group G to a signal space X(n) CORRESPONDING AUTHOR*

using different techniques for spectral analysis. D. Samaila

(1) BACKGROUND OF THE STUDY

Representation theory is a powerful tool for obtaining information about finite groups with applications in areas such
as signal processing, cryptography, sound compression which depend on Fast Fourier Transform (FFT) for finite groups
[1], [2]. Its emergence also serves as tool to obtain information about finite groups through the methods of linear
algebra. Generally, Signal is the output of an array of sensor configured in time or space. It is a conveyor of information
and whenever a signal is registered, it is processed to extract the information coded in it. Signals are also physical
processes that spread over time which can be observed directly at the moment and form in which it appears. However,
this is sometimes inconvenient and, in some cases, impossible. As such, one is always ultimately condemned to
finiteness and discreteness in the observation and study of signals. Each signal can therefore be observed in a finite time
interval irrespective of its duration, and its parameters can be measured and evaluated only discretely. Signals are also
considered as functions on groups into fields or some discrete groups which is mostly identified with the group of
integers Z or its subgroups Z, of integer’s modulo p. Hence, it is defined as a mapping f: Z—X or f: Zy—Z, where X could
be the complex field C, real field R or some finite fields [2].

Based on the above concept, signal processing algorithm can be visualized as a mapping algorithm from a geometric
structure of a group to its algebraic structure using linear transformation or invariants (see Lenz, [3]). This is a
framework of group and representation theory. Thus, any signal processing algorithm requires a complete exploration
of all possible symmetries in the signal. Since digital signals are finite dimensional, within the approximation of
digitization, the signals exist in a vector space of finite basis. Rajathilagam et al [4] studied the existence of this basis in
its vector space and then observed that one can get close to this finite basis from different perspective without any
approximation using group theory. Also discussed by Riley, et al, [5], Knapp, [1], Duzhin et al, [6], Hamermesh, [2] and
Mallat, [7], it was shown that group theory provides the actual piece of the puzzle which is the dimension of the vector
space where the signal exists. It also shows the way for choosing specific transformation that is required for a particular
application customized for specific characteristic.

Fourier transform was initially developed for continuous signals and then approximated for digital signals. In G-lets by
Rajathilagam et al, [4], the most natural signal decomposition algorithm for a digitized signal without any artificially
introduced approximation using general transformations was provided but avoided the use of representations and
other properties of transformation group. Other literatures such as “The abstract harmonic analysis on finite, non-
abelian groups” by Knapp, [1], lays the foundation in this paper due to the importance of spectral techniques and Fourier
analysis in the consideration of various classes of signals [8]. In particular, the basic interest and approach in this paper
is to focused on transfer of some important results from geometric structures to algebraic structures on the real line to
produce different forms of signals. It is found that finite non-Abelian groups are more suitable for the purpose of this

paper.
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We defined some relevant terms from Fourier Analysis as follows: (see Benjamin, [9]).

Definition 1.1: (Periodic Function): A function f: Z — C is said to be periodic with period n if f{x) = (x+n) for all xeZ.

A

Definition 1.2: (Fourier Transform): Let f :Z_ —> C define the Fourier Transform f :Z_ — C of fby
n-1

f(M) =n{x,, )= ™™ f(k).

k=0

Definition 1.3: (Convolution): Let G be a finite group and a,b€L(G). Then the convolution a * b : G—> C is defined by

axb(x)=> a(xy™)b(y).

yeG

Hence, to each element geG, we can associate the delta function 3¢ so that when a multiplication * is assigned to L(G),
then we get &, * 5, = O,. Indeed

Sy ¥8, () =2, &,(xy™)3,(y)

yeG
and the only non-zero term is when y = hand g = xy'! = xh'l,i.e. x = gh.

Now, if Vis an inner product space, then a representation ¢: G — GL(V) is called unitary if ¢p4is unitary forallg € G, i.e,,
(pg(v),pg(W)) = (v,w) for all v,w € W. Identifying GL1(C) with C, we see that a complex number z is unitary if and only if

Z= Zfl, that is Zz =1. But this says exactly that |z| = 1, so U1(C) is exactly the unit circle St in C. Hence a one-
dimensional unitary representation is a homomorphism ¢: G — S1.

A simple example is a function ¢: R — S? defined by ¢(t) = e27it. Then ¢ is a unitary representation of R since ¢(t + s) =
e2mi(t+s) = g2mite2mis = ¢h(t)¢(s) and produced a symmetric signal as follows:

>> t = linspace(0,10,20);
>>Y = (exp(2*pi*i*t));
>> stem(t,Y, filled")
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FIGURE 1.1: Symmetric signal produced by a unitary representation
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[t turns out that every representation of a finite group G is equivalent to a unitary representation. The result was also
established by Benjamin, [9].

(2) FOURIER ANALYSIS ON FINITE GROUP
Fourier transform permits us to study and analyze the structure and the representation of finite groups [10]. Due to its
vast applications in the area of signal and image processing, it is regarded as one of the most important aspects of

mathematics [11], [12]. Most especially, the Fourier transform on cyclic groups. The idea is that values of f correspond

to the wavelengths associated to the wave function f which is used to compress the wave. This idea can be used to
produce and transform signals of different amplitude and frequency.

Fourier series also generate a representation for a signal in terms of Sine and Cosine functions, which gives an infinite
set of basis vectors for the signal. In this case, time and frequency information cannot be localized on specific parts of
the signal. Wavelets can also be used to create orthogonal subspaces using the transformations dilation and translation
to capture different frequencies of the signal. But still due to the edge effect produced by breaking pieces, in application
like face recognition they may not be able to testify a good match. Ridgelet transform as used by Candes, [13] and [14],
only focuses on detecting lines in an image using Radon transform, see also in Matus, [15]. Orthonormal set of
polynomials can also be generated by the orbit of a vector using representation theory as discussed by Vale, [16], Starck
etal, [17], Aharom et al, [18]. It was discovered that combining more transformations as symmetry operations and their
irreducible representations produced better output which is the main objective of this paper.

2.1 Signal Representation
The study and investigation of signal representation as decimation from the algebraic structure was given by Puchel,

[19]. The author also presented the spectral decomposition of the module X = C[a]/( P(c)) (called polynomials) as

the Fourier transform in ASP theory. If we let p(a) =a' —1, then X = C[O(]/(O(n —1) is a finite shift invariant

signal model [19]. Again, from Fourier transform, the relationship between two signal spaces X and Y was obtained by

n
Zhihai, [20]. If a= (L, &,...,a"™) is a basis modules for X and Y = C[a]/(am —1) is another signal model whose

n

basis modules are & = (1, &,...,a&™ ), m,n,ceZ+, n=cm, then from Fourier transform, if & € X and A €Y such that

o = (0(e), (0t (@,)) and A= (A(B), A(B, ) AB,)) , then A(B,) = (), 0<i < %—1. The

Discrete Fourier Transform (DFT) used to convert a finite list of equally spaced sample signal into a list of coefficients
of a finite combination of complex sinusoids, ordered by their frequencies. But the actual position of occurrence for
component frequency in the given signal was never realized. Hence the drawback of this technique.

(3) METHODOLOGY

In this section, an algebraic structure on an operator group L(G) coming from the convolution product is introduced.
But Fourier transform can be used to analyze this structure more clearly in terms of rings as discussed by William, [8].
We first begin with the classical case of periodic functions on the set of integers. If n is a period for a function £, then so
is any multiple of n and there exists a bijection between f and the elements of L(Z»), that is, functions f: Z, - C. The
irreducible characters in this case form a basis for L(Z.) and Fourier transform encodes it as a function.

Example 3.1: (Periodic functions on Z). Let f,g: Z — C be periodic functions with period n. Then we defined their
convolution as

fxg(m) = f(m-ng().
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The Fourier transform is then

_ n71 .
f (m) — ze—Z;nmr/n f (r) .
r=0

Again, by Fourier inversion, we have

n-1 _
f(m)= lZez”"m”" f(r).+
N>

By multiplication formula, f *g=f -J.
Now, with G as defined above, if 7,0 € G, then for any operator §, §_*J_ =0,_.

Note also that if 4,4, € L(G), then define

=2 4()5, and A=) 1,(0)5,.

7eG oeG

Thus, since L(G) is a ring, then the distributive law would yield

hxdy= ), W(0)2(0)5, %5, = D A(1)A(0)5,,

7,0eG 7,0eG

Applying the change of variables X =70, Y = o gives

A A= Z (Z’il(xy_l)iz(y)]é‘x :

xeG yeG

The above construction is built on the work of William, [8], on non-Abelian Harmonic Analysis and DSP Applications.
He presented the basic non-Abelian group theory (for simple groups) relevant to Digital Signal Processing (DSP) and
defined a generalized non-Abelian translation and its consequences and generalized convolution. The same method is
being used in this paper for finite Abelian and non-Abelian groups.

e Spectral Analysis
According to Fourier Transform [8], since signal is composed of a set of component frequencies in the form of sine and

cosine waves, each component frequency can be defined by gj = J/z‘ , Where t is the time period of the signal and the

component frequencies are given by the discrete Fourier series

N-1

X e—ig,—n/N

n

&, = 3.1
n=0

Now, Fourier Transform has been defined in terms of group theory as a transformation group whose elements are
rotations. The rotations in this case are represented by roots of unity in the complex field such that w = 2w/, where t©
is the time period of the signal. The generated cyclic group form the characters of the transformations which is used to
build the Fourier transform basis in the frequency domain. From representation theory, characters of group form an

orthogonal basis of a vector space X. If the binary operation of the group G is multiplication and we denote the group by

(G, ), then G is the direct product of cyclic groups generated by the elements @, of order n,reZ", given by

G=][(@).
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In this case, the elements of G are of the form @ w,..., . Let w,0 €G such that @ = (a)l,a)z,...,a)n) and

o= (Gl, o, ,...,Gn). Then we define a group algebra over the vector space X as follows:

X[co]={24ra|¢r eX.re N}={:(w)=2¢rw"|¢r eX.re N},

reN reN

with binary operation as multiplication defined by

£(0)-¢'(0) = Z(ZCSG_SJCOJ-

reN \seN
In order to investigate the signal representation as decimation from the algebraic structure, we consider the spectral

decomposition of the modules X =C [0{]/( p(cr)) as Fourier transform, given in Section 2.1. Thus if the representation

n n

of the signals x(n) and y(n) are given by X(n) = in (¢) and y(n) = Z Y, (@,) respectively, then the Fourier
i=1 i=1

transform of x(n) and y(n) can be written as

27 ik

n ——ijk n _2z
X(¢k)=zxie " y((Pk)zzyie " ,0<ks<n 3.2
i=1 i=1

Alternatively, the representation of y(n) can be express as

y(n) = Zn:yi (@)= _ZZ:yi (¢i)+ZHZYi (p) = i()’i + yﬂ+i)(¢)i) 3.3

2

so that the corresponding Fourier transform for y(n) is

Ny

2 i
y(o) =2 (Vi +Y, k)e " 0sksn/2 3.4
i=1 ot

(4) RESULT AND DISCUSSION

From Section 3 above, we assumed that elements of G are of the form x(n). Thus, the operator L(G) is considered as an
operator over a signal space.

Now, define two special functions as follows:

1 if n=0,

i. A &function &(n) defined by o(n) = {0 it 20
#0.

1 if n>0,

ii. A step function x(n) defined by u(n) = {0 y 0
| n<u.

If n =0, then g(n) = &(n), if n = 1, then g(n) = 8(n - 1) and so on. Thus,

un)=o0n)+dn-1)+on-2)+..
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ie. u(n) =Y 5(n—k) 4.1
k=0
Again, since d(n) =0 forn <0,
n
u(n) = > 5(k) 42
k=—0
But g(n) = d(n) if and only if n = 0. Thus, from equations 4.1 and 4.2,
u(n)= > 5(n—k) 43
k=—0

Again, L(x(n)) = y(n) for any transformation L on some x(n) G which produces an output y(n). Thus, by linearity,
L(ex(n)) = aL(x(n));

L(ax(n) + px(n)) = aL(x(n)) + SL(x(n))
where the coefficients ¢ and S are constants. Thus, by equation 4.3, any discrete signal x(n) can be expressed as

0

x(n)= > x(k)5(n—k) 44

where the coefficients x(k) can be real or complex. Hence, it follows from equation 4.4 that any signal x(n) can be
represented as a linear superposition of weighted and shifted impulse response (signals), also called signal basis.

Again, if
x(n) = 3 x(K)s(n k),

k=—o0

then
o0

y() = Y x(K)L(S(-K)). 45

K=—o0

Moreover, by linear time-invariant, if h(n) is any discrete time signal such that L(x(n)) = h(n), then L(x(n-k)) = h(n-k).
Thus, if L(6(n)) = h(n), then L(d(n-k)) = h(n-k). Hence, from equation 4.5,

00

y(n) = > x(k)h(n k)

K=—0
= X(n) *h(n)

so that y(n) G is expressed as a product X(Nn) * h(n) for some x(n),h(n) €G.
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Example 4.1: Let x (-3n + 2) be any discrete-time signal and let 6, oand u be the transformations shifting, flipping and
scaling respectively. Then

d(n) =x(n+2);
o(n) = &(-n);
u(n) = o(3n) = 9(-3n) = x(-3n + 2).
Thus, x(-3n + 2) is decomposed by the transformations 6§, cand u such that
x(-3n + 2) = 8(n) + o(n) + u(n).

4.1 Spectral Analysis on Finite Groups
Let G be a group with binary operation as defined above and let X be an n-dimensional space. Then for all v, w € X,

we have

T T

X[u]:X[a)]={§(a))=Z§ra)r|§reX,reN} if and only if @ =v' for 7=12,.,n,

reN

v=(0,,0,,...,0,).

Thus, from Equation 3.1, each {'(N) € (X,7) can be represented as &(N) = z;, (n)" € X[n] and for any

0= (030, 0y) € X, wehave £(E7) =D £&" =D LEME &

reN reN
Hence, given any 7,0 € G and an element £'(n) € (X, 7), we have

o (c(em)= a{Z mfj - af[z £,EN éj

reN reN

=>.07(5)o7 (& )o" (&)..o7 (&)

reN

=3 e g

reN

Againif y, G — X is a mapping from the group G to the space X defined by

o w,..0 > ML= rq=r(q,,0,,---,0,),

then by linearity, we have

D0 > (E) =Dl (@) = Y E L =Y (L

reN reN reN reN

and taking all the y, forall S € N, we have the Discrete Fourier Transform

§(@)=2 ¢ (@)= pdW) =D (D 4:&™ =D ¢ ).

reN seN reN seN
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Supposed now that Y[n] ={y(n) €Y | {(y(n)) = Z ¢ (E°)y°}, then

seN

x(n)-y(n) =3 [Z ésés”)jfs-

seN \reN

Again, forany h e N,

Z§s§s+h = Zé/sz;céﬂ(sm) = ZTC§ChZ§S§CS.

seN seN ceN ceN seN

=D 6:E¢EY)

ceN

so that

heN \ ceN

x<n>*y<n>=z(zamm]xh_

Ifwelet o(N) = Y ¢ (E°)XE, thenit follows that

ceN

p(a(n) =2 o(&)y" = Z(Z &5“4(?)))/9

Hence, X(n) * y(n) = @(c(n)).

If we define X(N)eX and Y(n)eY as above and let x(n) = (X(¢1), X(¢1),...,X(¢n)) ,
y(n) = (y((pl), y(gol),..., y(gon )) , then from Equations 3.2, 3.3 and 3.4, we have

n n n

n 4z L 4z ot 4z, n 71 4z
—ijk —ijk ——(r+5)k —Tuk
X(¢ki)zzxie " :ine ! +Zxr+ne " ZZ(Xi +Xk+n)e =Y(®)-
i-1 i=1 = i=1 2

Hence, (¢ ) = X(d) -

Again, let H be a cyclic subgroup of the group G. Then the representations of H can be used to produce a spiral signal
(Signals that are bounded by elements of cyclic group) as follows: Since signals are regarded as functions on groups into
fields and Discrete signals as signals on some discrete groups usually identified with the group of integers Z or its
subgroups Z, of integer’s modulo p, if & € H is any representation of H, then we defined a function & :Z — X by
&(n) = ka”/n for all neZ*, k>0 where X could be the complex field C, the real field R, or some finite fields. Then &

distribute every neZ over X as given in the figure below:
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FIGURE 4.1: Path of signal generated by cyclic groups
The example 4.1 given above consist of the following transformations: Flipping: With the given function & for every

N e Z, there exists —N € Z such that £(X(n)) = X(—n). This transformation is called flipping. Rotation: There are

n-rotation matrices in any Geometric group D» and if the dimension of a signal is n, then the representation matrix of
the linear transformation will be nxn. The rotation matrix is then given by

&

a, = [C?S(Zi el aij, ieZ" and X™(N) > X" (N) forany «
SINg;  COSq;

Thus, if a signal x(n) is defined on a circle with rotation angle ¢, then the transformation £ € G is defined by
X° (n) = X(n— ). Scaling: This demands that if £ is a function whose domain is a set of transformations, then
£(x(n)) = x(cn) where c is a constant such that C € Z . In this case, the signal is compressed by c-unit. Similarly, if
E(x(n)) = x(n/c) , then the signal is delayed (or expanded) by c-unit. Shifting: If x(n) is the original signal, then
x(n) [ x(n - no) implies that the signal is shifted forward by no-unit and x(n) = x(n + no) implies that the signal
is shifted backward by no-unit.

For example, let y(n) = x (-5n + 3) (X, 7) and o, dand rbe the transformations shifting, flipping and scaling respectively.
Then y(n) can be constructed as follows:

u1(n) =o(dn) = 6(-5n) = X(-5n + 3) such that y(n) = o(n) + o(5n) + w(n).

A simple example is shown in Figure 4.2 and 4.3 below. The original signal is given in Figure 4.2 and is splitted using
other transformations whose sum gives the original signal as seen in Figure 4.3.

VOLUME 1 ISSUE 2



International Research Publications Natural & Applied Sciences

1

09t ¢ P
08¢
07h
06F
05f
04f
03f
02t E
e
0

-8 -6 -4 -2 0 2 4 6 8

FIGURE 4.2: A single data series of a discrete-time signal
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FIGURE 4.3: A subplots of Figure 4.2 using transformations

The spectral analysis is necessary because it gives detail information about a signal and help identify the impurities
present in a signal. The basic idea behind Fast Fourier Transform (FFT) algorithm is to convert time domain signal into
frequency domain signal and to determine the amplitude, frequencies and phases of the sinusoids present in a signal.
Supposed now that the sampling frequency (fs) is 2000 with a sinusoid X = aC0S(27t + ¢) where ¢ is the phase

difference, let f= 40, 50, 70. Then the time domain signal is given in Figure 4.4.
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Figure 4.4: Converting time domain signal to frequency domain signal using FFT

The time domain signal (Figure 4.4a) is converted to frequency domain signal (Figure 4.4b) using the FFT. The
disadvantage of the time domain signal is the difficulty in determining the frequency of a signal but with the help of FFT,
the frequency, amplitude and phase of the sinusoids present in the signal can be determined. Finally, using Group theory,
the mapping of linear transformations of a Group G to a signal may be done in different ways for spectral analysis.

4.2 Conclusion

The results in this paper provide a method of multiresolution analysis in terms of amplitude and frequency separately
without an approximation. This method may be useful for edge detection, face detection, face recognition, denoising,
object recognition, shape detection, text identification in images and other applications in image processing and

robotics.
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